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| ntroduction

Lattice gauge theory for RHIC and LHC
#® Temperature (it works!)

# Density (the sign problem)

# Non-equilibrium physics (how?)

| choose real time & variational method

In this talk, 7" and x will not appear,

but this work will be useful for those purposes.
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Matrix product ansatz

A variational method that originates in DMRG
(density matrix renormalization group)

# Diagonalization of hamiltonian and transfer matrices
#® Very accurate in (1+1)-d modelsatT =0and 7 # 0
# Free from the sign problem

# Non-equilibrium gquantum physics

# Quantum information theory

Does the ansatz work Iin lattice gauge theory?
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L attice gauge hamiltonian

The hamiltonian version of LGT is not popular because
1. No systematic method like Monte Carlo
2. Difficult to maintain gauge invariance

These problems can be solved by introducing the matrix
product ansatz.

Matrix product ansatz in lattice gauge theory.
TS, hep-lat/0411017, U(1) lattice gauge and Heisenberg
TS, JHEPO7(2005)022, Z, lattice gauge theory
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/5 lattice gauge theory

Hamiltonian is constructed from partition function with the
transfer matrix formalism.

H=— Zagg(n,i) — A Z 0,0,0,0,

plaquette

Hamiltonian is gauge invariant
G(n)"'HG(n) = H, G(n)=1T],;0:(n,i).
Gauss law needs to be imposed.

G(n)|T) = |¥).
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/5 lattice gauge on aladder chain

Consider a ladder chain for simplicity

# The links are dynamical.
# Periodicity is assumed in the horizontal direction.
#® The Gauss law operator is a product of three ¢,’s.

-
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Exact solutions
A=0:(H)/L=-3and (P)=0
vae) = [T ()i + =

A=o0: (H)Y/L=—-Xand (P) =1

2L

1 m
vac) = —=m > Gl >H|i>w-

m=0
The both states are gauge invariant.

G(n)|vac) = |vac).
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Matrix product ansatz

)

Add a site |s) to a renormalized block |a,).
1) = 2 e, s Aaniranl8]18) | on)
Add many sites
anyz) = AP[sp] . AW si][sp) .. [s1)]an)
In L — oo, assume A" = A and periodicity

W) = tr[Alsg] ... Alsi]lsp) - - |s1)
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Matrix product ansatz

@7 |an)

Add a site |s) to a renormalized block |a,).

1) = D0, Aanr,anls]]8)om)
Add many sites
i) = AP [sp) . AW [s1][sL) .. [s1) o)
In L — oo, assume A" = A and periodicity

W) = tr[Alsg] ... Alsi]lsp) - - |s1)
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Energy function

Energy function has a matrix product form.
Example: S = 1/2 Heisenberg chain

C(O|H|T)  tr(SeSe1E2)

where

SU=N (s|SHsA*[s] @ Als'], 1= A*[s]® A[s]

s,s’

Evaluation of the energy function is easy.
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Extension to 7 lattice gauge

Each link is assigned a different set of matrices.

By [t] ByltL]

‘ ......
Aq[s1] Arlst] Ay [s1]
. ......

C’l[ul] CL[UL]

Matrix product state

(H ) Y > AnlonlBolta]Coln] |sn>n|tn>nun>n>

n=1 8s,= =4 Unp=

where
0.|E)n = 2|E)n.
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Minimization — diagonalization

Energy is a function of the matrices A, B, and C.

(V| H|W)
(V|o)

E[A, B,C] =

Minimize this by varying A, |s| with other matrices fixed.

(UIH|T) = 37 i e0 2st(AnlsDiiH i js), (o) (Anlt] i,
(W) = > ik 205t (ARSDii N s, (k0,0 (AnltD ki,

If A,[s] Is regarded as v, the minimization problem reduces
to a generalized eigenvalue problem

v Hvy = Evi No.
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Sweep process

The norm matrix may have very small eigenvalues if the
matrices A,|s|, Bn|s], and C,|s| are varied freely.

For numerical stability, the obtained matrices are
transformed to keep orthonormality.

S Y ema (Xals)ij(Xuls))irg = b,
where X stands for A, B, and C.
The eigenvalue problem is solved iteratively

C’L[uL] — BL[tL] — AL[SL] —> - = C’l[ul] — Bl[tl] — Al[sl]-

One sweep = 3L sets of diagonalization
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Conver gence of energy

Lattice size L = 500

M FEy/JL E/L EsJL E;/L EJL Es/L
A=0.1

2 —3.001 —2.997 —2.997 —2.997 —2.993 —2.993

3 —3.001 —2997 —2.997 —2997 —2.994 —2.993

4 —3.001 —2.997 —2.997 —2.997 —2.997 —2.995
A=1

2 —3.124 -3.121 -3.121 -3.118 —3.114 —3.112

3 —3.124 -3.121 -3.121 -3.118 -3.114 -3.112

4 —3.124 -3.121 -3.121 -3.118 -3.114 -3.112

Good convergence with small M.
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(a) The state Ey

Gauge Invariance

1 1 1 1 1 1
0 100 200 300 400 500
(b) The state E

1 1 1 1 1 1
0 100 200 300 400 500
(c) The state F,

T T T

1 1 1 1 1 1
0 100 200 300 400 500
(d) The state Es

T T T

1 1 1 1 1 1
0 100 200 300 400 500

Gauss law operator
A =10, L =500, M =4

Gauge inv. states: £y and Ej
(G)=1

Gauge var. states: F; and £y
(G) = —1 at n = 500
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(a) The state Ey

Gauge Invariance

0 100 200 300 400 500
(b) The state F,

0 100 200 300 400 \'-10.0/
(c) The state F,

IO 1;.')0 ZIOO 3IOO 4;.')0 :
(d) The state Es

0 100 200 300 400 500

Gauss law operator
A =10, L =500, M =4

Gauge inv. states: £y and Ej
(G)=1

Gauge var. states: F; and £y
(G) = —1 at n = 500

Gauge invariance in a Z o hamiltonian lattice gauge theory — p.14/21



Vacuum energy vs A

L =500, M =4

Eo/L

© b N &5 &~ A » S
1T 1T 1T "1 1

KN
o
T

'
[
[N

Consistent with the exact values

_ ) =3 (A=0)
EO/L{A (A = o0)
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Plaquette vs A

L =500, M =4

Gauge invariance in a Z o hamiltonian lattice gauge theory — p.16/21



/5 lattice gauge on a sguare lattice

#® Square spatial lattice
# Second order phase transition

The Gauss law can be solved analytically.
The model is equivalent to transverse field Ising model.

H=— Zaz n)o,(n 4+ 1) )\Zax(n)

The matrix product ansatz describes the phase transition?
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Matrix product ansatz for two-dim lattice

The ansatz is a method for one-dim spatial lattice.
Find one-dim structure on a two-dim lattice.

- QO OB

W) = > tr(Agls1]Aa[s2] As[ss]Ag[sa]) |s1)]s2)]s3) |sa)

$1,52,53,54

Example: 2 x 2 lattice

Matrix product state
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Magnetization (o) VS A

L =12, M = 30

O
1 O~
1.8 2 2.2 24 2.6 2.8 3 3.2 3.4

A

The second order phase transition is well described.

Ae ~ 3.12
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Critical coupling

(1+2)-dim transverse field Ising model

Ac L Method Year
3.07 26 Quantum Monte Carlo 1998
3.154+0.05 20 Variational guantum Monte Carlo 2000
3.2 NA Density Matrix RG 2001
3.12 12  Matrix product ansatz 2005

Consistent with the others.

The obtained wavefunction is sufficiently accurate.
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Summary

Results

#® The matrix product ansatz works in (1+2)-dimensional
Z» lattice gauge theory

» Ladder chain lattice - gauge invariant states
» Square lattice - second order phase transition

Future study

# Larger lattice

(1+3)-dim Z, lattice gauge theory
SU(2) and SU(3) lattice gauge theory
Fermion with p # 0

© o o o

Time evolution
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